We provide a complete description of the angular distribution of gluons in a medium-induced QCD cascade. We identify two components in the distribution, a soft component dominated by soft multiple scatterings, and a hard component dominated by a few hard scatterings. The typical angle that marks the boundary between these two components is determined analytically as a function of the energy of the observed gluon and the size of the medium. We construct the complete solution (beyond the diffusion approximation) in the regime where multiple branchings dominate the dynamics of the cascade in the form of a power series in the number of collisions with the medium particles. The coefficients of this expansions are related to the moments of the distribution in the diffusion approximation and are determined analytically. The angular distribution may be useful in phenomenological studies of jet shapes in heavy-ion collisions.
Introduction
Jet measurements at the LHC represent a highlight of the heavy-ion program. High energy jets have the potential to probe the nature of the hot and dense matter produced in heavy ion collisions, the so-called quark-gluon plasma. The data reveal indeed that jets are strongly attenuated as they traverse a quark-gluon plasma, and a careful study of this attenuation can help pinning down various properties of the plasma, such as some of its transport coefficients. Particularly interesting for the present work is the detailed analysis of the missing energy observed in inbalanced dijet events [1, 2, 3, 4] . The reconstruction of the energy and angular distribution of jets particles around the dijet axis has been achieved, and evidence has been obtained that the missing energy in the away side jet is found in the form of soft particles radiated at very large angles from the direction of the jet.
On the theory side, there is a large dispersion in the predictions of the various jet-quenching models, which calls for a more complete, first principle, theory of jets in heavy-ion collisions. This paper reports on progress in this direction. The angular distribution that we determine may be a useful ingredient to be implemented in Monte Carlo event generators that are developed by several groups [5, 6, 7, 8] . The present work builds on the probabilistic equation that describes the in-medium QCD cascade, and which was derived recently [9] . It controls the evolution with the size of the medium, L, of the inclusive distribution of partons produced in the cascade as a function of the energy and the transverse momentum of the observed gluon. By solving this equation, we can determine the angular distribution of the energy that is radiated by the leading particle. This is the aim of the present work.
The first moment of the angular distribution (or equivalently of the transverse momentum distribution) was discussed recently [10, 11] . Three regimes can be identified as a function of the energy ω of the observed gluon: when ω E, with E the energy of the leading particle, we are measuring the original parton, whose transverse momentum is not altered by radiation and is determined solely by multiple scattering with the medium. The typical transverse momentum that it acquires is k 2 ⊥ ∼qL, whereq is the so-called quenching parameter and corresponds to a diffusion coefficient in transverse momentum space. As we shall shorty see,q determines not only the physics of transverse momentum broadening but also that of medium-induced parton branchings. The second regime is that for which the energy ω of the observed gluon is much smaller than E but larger than the characteristic scale ω s = α 2 sq L 2 , where α s is the strong coupling constant, which marks the onset of branchings. This gluon is most likely radiated by the leading parton, and can be produced anywhere inside the medium. Its typical transverse momentum is k 2 ⊥ ∼qL/2, where L/2 is the average time spent by the radiated gluon in the medium. Finally, in the multiple branching regime, k 2 ⊥ ∼qt * (ω), with t * the typical time spent in the medium by the measured parton:
In this regime, the typical transverse momentum is independent of the size of the medium. In addition to the three regimes that we have just discussed, the character of the angular (or transverse momentum) distribution changes depending on whether k ⊥ is smaller or larger than the typical transverse momentum k 2 ⊥ that we have identified for each of the energy regimes: for k ⊥ k 2 ⊥ multiple elastic scatterings dominate the dynamics, in the opposite case, i.e., k ⊥ k 2 ⊥ , only a single scattering determines the transverse momentum distribution and the distribution drops as k −4 ⊥ . We shall refer to these two parts of the angular distribution as to the soft and hard components, respectively. The pattern of the various regimes if illustrated in Fig. 1 .
In this paper, we complete the analysis undertaken with the study of the first moment, and provide a complete description of the angular distribution. In section 2, we recall the basic equation that governs the evolution with the size of the medium of the inclusive distribution of gluons, as a function of the energy ω and the angle θ of the observed gluon. We discuss two limiting cases. In the first case, the transverse momentum is integrated out, leaving us with the equation for the energy distribution. The other case corresponds to freezing the branching processes, and therefore on momentum broadening, with the identification of two regimes, that of multiple soft scatterings and that of hard single scattering. In section 3, we construct the angular distribution in the three regimes of energies that are discussed above. The analytic calculation of the moments of the soft component of the distribution are presented in Appendix A.
The equation for the in-medium QCD cascade
We consider the cascade of radiated gluons that is generated by a high energy gluon 1 , with energy E, that propagates through a quark-gluon plasma. We focus on the medium-induced radiation, as governed by the BDMPSZ mechanism [12, 13, 15] , and ignore here effects due to vacuum radiation. In this approach, both gluon splitting and momentum broadening are controlled by a single parameterq, called the jet-quenching parameter. Thus, for instance, the average transverse momentum acquired by a parton through its collisions with the plasma constituents is k 2 ⊥ ∼qL, with L the length of the medium crossed by the parton. The BDMPSZ mechanism takes into account the Landau-Pomeranchuck-Migdal (LPM) effect and 1 The extension to the case of a high energy quark is straightforward The various regimes of the physical processes (branching and scattering) that accompany the propagation of a fast parton in a dense medium. The thick (blue) line separates the regime of single hard, large angle, scattering, from that of soft, small angle, multiple scattering. Accordingly, the soft component of the angular distribution lies on the left of the blue line, the hard component on the right. The line ω/E ≡ x = xs separates the region dominated by single branching from that of multiple branchings. The horizontal line below x = 1 indicates the region where the leading particle propagates without splitting, and merely suffers momentum broadening due to its collisions with the constituents of the medium.
provides the dominant contribution to the gluon spectrum for gluon frequencies ω BH ω ω c , where ω c ∼qL 2 is the maximum energy that can be taken away by a single gluon (the present analysis assumes 2 that ω c E). The lower limit is that of (Bethe-Heitler) incoherent emissions, and is reached when the branching time is of the order of the mean free path between successive collisions. The branching time for a gluon with energy ω is given by τ br (ω) ∼ ω/q. It is associated with a transverse momentum scale k br (ω) ∼ (ωq) 1/4 , and an emission angle
We are interested in the inclusive gluon distribution
where x = ω/E is the energy fraction, and k the transverse momentum, of the gluon observed at some time t along the cascade, with the maximum value of t equal to the length L of the medium. As was shown in [9] , D(x, k, t) obeys the following integro-differential equation
where we introduced in the last term a shorthand notation for the transverse momentum integrations: q ≡ d 2 q/(2π) 2 . This will be used throughout the paper. The kernel K(z) in the gain and loss terms (respectively the first and second term in the r.h.s. of Eq. (3)), can be written as [18] 
It collects contributions from the z dependence of the actual branching time (left out in the definition 3 of t * , Eq. (5) below), and from the leading order splitting function
where N c is the number of colors (we restrict our discussion to purely gluonic cascades). Equation (3) combines two distinct physical effects: i) the branching of gluons, which preserves the angles but change the number of particles, and is described by the term proportional to 1/t * ; ii) the momentum broadening due to collisions with the plasma constituents, which preserves the number of particles, and is described by the last term. Two important approximations are involved in the derivation of Eq. (3). First, the typical duration of the branching process is assumed to be small compared to the total time spent by the gluon in the medium. This allows to treat the branchings as effectively instantaneous [18] . Second, the transverse momentum broadening that takes place during a branching is ignored (corrections involving the small transverse momentum induced during the splitting can be absorbed in corrections toq [9, 19] (see also [20, 21] for related discussions of radiative corrections to p ⊥ broadening). The branching is then treated as effectively collinear: After the splitting, the two new gluons carry fractions z and 1−z of both the initial energy and the initial transverse momentum. Thus when a gluon of energy ω 0 , and transverse momentum k 0 splits into a gluon of energy ω 1 , and transverse momentum k 1 and another gluon of energy ω 2 , and transverse momentum k 2 , we have ω 1 = zω 0 , k 1 = zk 0 (and similarly for the other gluon, with z → 1 − z). It follows that θ 0 = k 0 /ω 0 = k 1 /ω 1 = θ 1 , the angle is preserved in the splitting. On the other hand, if z 1, k 1 k 0 , there is a degradation of the transverse momentum at each splitting along the cascade. The competition between this degradation of the transverse momentum that accompanies each splitting, with the accumulation of transverse momentum form collisions with the medium constituents, plays an important role in determining the form of the momentum distribution.
The quantity
withᾱ ≡ α s N c /π, is the basic rate of the branching processes. It depends on the energy E of the incoming parton, and on the medium through the jet-quenching parameterq. We shall soon verify that t * is the time at which most of the energy of the incoming parton has been radiated into soft gluons, and for this reason it is sometimes referred to as the stopping time.
There are two basic control parameters in the problem: the energy E and the size L of the medium. We expect several regimes, depending on the values of these control parameters. The characteristic time t * is related to the energy E as follows
The frequency that characterizes the onset of the multiple branching regime is given by an analogous formula
where ω c =qL 2 . Gluons that are observed with an energy ω ω s are likely to come from multiple branchings. Indeed the probability for emitting a gluon with energy ω in a distance L isᾱL/τ br (ω) =ᾱL q/ω. This is of order unity when ω ∼ ω s and larger when ω < ω s . Now, by comparing the two equations above, we see that if L > t * , then ω s > E and one is always in the regime of multiple branching, since all radiated gluons have frequencies ω < E < ω s . If on the other hand, L < t * , the situation that we shall consider in this paper, then several regimes appear depending on whether we consider gluons with ω < ω s or ω > ω s . These various regimes are illustrated in Fig. 1 .
The last term in Eq. (3) describes momentum broadening, with the collision kernel given by
where n is the density of scatterers (which we assume to be independent of t for simplicity). The quantity w(q)d 2 qdt can be interpreted as the probability that the particle acquire a transverse momentum q during dt: w(q) is proportional to the elastic scattering cross section d 2 σ el /d 2 q of the fast parton with the constituents of the medium, while C(q) is proportional to the so-called dipole cross section σ(q), C(q) = −N c nσ(q)/2. The jet-quenching parameter is related to the scattering rate. To logarithmic accuracy, it is given bŷ
where the Debye screening mass m D regulates the singular behavior of the collision kernel at small momenta, while the upper cutoff is the typical momentum of the observed gluon. This formula makes sense, as does the definition ofq, only in the regime dominated by soft multiple scatterings. As we shall verify later this implies
Insight into the general behavior of the solution of Eq. (3) can be gained by considering limiting cases where only branchings, or only scatterings take place. We start by the former case.
The energy distribution
By integrating Eq. (3) over the transverse momentum, one obtains an evolution equation for the energy density D(x, t):
The scattering term vanishes upon integration over k. Note that the function D(x, t) has support only for 0 ≤ x ≤ 1, which limits the first z-integral in Eq. (11) to x < z < 1. Note also that the potential endpoint singularities at z = 1 in the gain and loss terms cancel.
This equation can be solved exactly in the case where, in the kernel K(z) in Eq. (4), f (z) is set equal to unity [22] . This simplification preserves the singular behavior of the kernel near z = 0 and z = 1, which determines the qualitative features of the solution. We shall use this exact solution from now on. For the initial condition D(x, t = 0) = δ(1 − x), this solution reads
The essential singularity at x = 1 can be understood as a Sudakov suppression factor [15] (i.e. the vanishing of the probability to emit no gluon in any finite time). One can easily verify on this explicit solution the interpretation of t * as a stopping time: after a time t t * most ( 98%) of the energy is to be found in the form of radiated soft (x 0.1) gluons. Aside from this exponential factor, the solution has another remarkable property: for x 1, D(x, t) factorizes into a function of time and a function of x
The fact that the spectrum keeps the same x-dependence when t keeps increasing reflects the fact that the energy flows to x = 0 without accumulating at any finite value of x, a property reminiscent of wave turbulence [22] . The complete, energy conserving, solution involves a contribution ∝ δ(x) whose coefficient grows with time as 1 − e −πτ 2 . Note that the onset of the regime dominated by multiple branchings is not directly visible on the scaling spectrum (13): there is no change of behavior when x x s = ω s /E. The short time behavior of the solution (12) will be useful in the foregoing discussion. This can be obtained iteratively by inserting in the right hand side of Eq. (12) the leading particle solution D (0b) (x, t) = δ(1 − x), where the upper script (0b) refers to the solution with zero branching. Alternatively, one can just simply expand Eq. (11) for small τ , and obtain, for x not too close to 1, the solution corresponding to one branching,
The last equality indicates the relation of this approximate distribution with the BDMPSZ spectrum.
The transverse momentum distribution for a single particle
We turn now to the scattering term. We may formally isolate its effects by letting t * → ∞, thereby effectively switching off the contributions of the gluon branching. The resulting distribution can then be written as
with P(p, t) the probability for the leading gluon to acquire a transverse momentum p during its propagation through the plasma for a duration t. This quantity obeys the equation
with the collision kernel given by Eq. (8) . The equation (16) can be solved, formally, by Fourier transform. Setting C(q) = d 2 r e iq·r C(r), we get
Although this integral cannot be calculated analytically, its main features can be easily obtained. For instance, one may expand the second exponential in powers of the dipole cross section and give the result an interpretation in terms of multiple scattering [23] . On may then identify two components in the distribution P(p, L): a soft component dominated by multiple scattering, in which case the multiple scattering expansion cannot be truncated to a finite number of terms, and a hard tail populated by rare events with single hard scatterings, for which the leading term in the multiple scattering series is sufficient to obtain an accurate determination of P.
In order to quantify the separation between these two regimes, it is useful to consider an approximate expression of the Fourier transform C(r):
where we have used the expression (9) 
with the jet quenching parameterq(p 2 ) playing the role of a (momentum dependent) diffusion coefficient. It is given, to logarithmic accuracy, by Eq. (9). Hence, the typical transverse momentum squared acquired by a particle after a a time t of propagation in the medium is Q 2 s (t) =qt. In the approximation where one ignores the (logarithmic) dependence ofq on the dipole size r, an approximation often referred to as the "harmonic approximation", one can easily solve the diffusion equation (19) . Assuming n, and henceq, to be independent of t for simplicity, one gets
As already emphasized, the diffusion picture is valid in the regime dominated by multiple scattering, and holds for p 2 qL. Larger transverse momenta can be achieved through a single hard scattering. The expression for P corresponding to a single hard scattering is easily obtained from Eq. (16), and reads
Note that because of this high momentum tail, the momentum distribution does not admit moments beyond the leading one (i.e., the integral of the distribution, related to conservation of probability, and the integral weighed by |p|).
The evolution equation for the angular distribution
As we have mentioned, the splittings are treated as collinear, meaning that there is no deflection of particles caused by the splittings. It is then more convenient to follow the evolution of angles rather than that of the transverse momenta along the cascade. Accordingly we transform the transverse momentum distribution into an angular distribution, setting
where
Note that θ is a 2-dimensional vector collinear to k, whose (small) magnitude equals the polar angle of the emitted gluon with respect to the initial direction of the leading particle. This distribution is normalized as follows
In this new variable, Eq. (3) reads
with (see Eq. (8))
The locality (in angle) of the splitting term reflects the collinearity of the splitting. In the diffusion approximation, i.e., θ θ in Eq. (25), the equation (25) reduces to
It useful to proceed in Fourier space. We set
and get
This equation is the same as that, Eq. (11), satisfied by D(x, t), except for the last term which plays here the role of source term. We can then write the solution as follows
The function D(x/y, (L − t)/ √ y), given by the solution (12) of Eq. (11), plays here the role of a Green's function (and will be often referred to as such in the foregoing discussion). In Eq. (31) it takes the explicit form
We can easily verify the following convolution property
In the foregoing discussion we shall need this Green's function in various regimes. For L − t t * , it is simply the delta function yδ(y − x), corresponding to the propagation without any branching. For one branching, D can be approximated by the solution (14) . Finally, in the multiple scattering regime, the following integral will be useful
Determining the angular distribution of gluons
Solving Eq. (25) exactly is difficult. In this section, we shall obtain an analytic representation of the solution in the various regimes indicated in Fig. 1 , where appropriate approximations can be made: x 1 which corresponds to the leading particle; x s x 1 which corresponds to the primary gluon radiation, and finally the regime x x s dominated by multiple branching. Part of the difficulty in solving Eq. (25) comes from the fact that, as we have already emphasized, the angular distribution has two distinct components: a hard component, corresponding to large angles produced by single hard scatterings, and a soft component that can be obtained as the solution of the diffusion equation (27). Besides, these two components are strongly modified by gluon branching.
The soft component admits moments, which is not the case for the hard component. The characteristic angle that marks the boundary between the soft and the hard components depends on x, i.e., on the amount of branching. It can be estimated by calculating the mean squared angle of the soft component, and we proceed to its determination in the next subsection.
The mean squared angle θ 2
We define the typical angle squared
where M 1 (x, L) is the first moment of the angular distribution obtained in the diffusion approximation, Eq. (27),
This moment obeys the following equation [10] 
It can be solved formally by multiplying it by the Green's function (32) and integrating over t and y. We then obtain the following integral representation for θ 2
We now proceed to the approximations that are valid in the different regimes of interest.
When x 1, we can write
where we have used, in the first equality, that y 3 y in the integral measure, and the property (33) in the last equality. We then get the simple result, which corresponds to the momentum broadening of the leading particle,
Let us turn now to the regime of primary gluon radiation, i.e., x s x 1. It is easily verified that, when x 1, the dominant contribution to M 1 (x, t) is obtained when the first D in Eq. (38) is D (0b) and the second one D (1b) . That is, the dominant contribution corresponds to that of the momentum broadening of the radiated gluon from the time of its emission. The other contribution, corresponding to the momentum broadening of the leading particle before the splitting, is suppressed by a factor x 2 . We get then, keeping the two contributions,
Let us now discuss the third regime, x x s , which is characterized by the multiple branchings. In the small x region, namely for x x s multiple branchings require a non perturbative treatment. To do that we return to the expression (32) of the Green's function and note that the integral over y in Eq. (38) is weighed towards values x y 1. The Green's function (32) decays exponentially as a function of its time argument, except in the region
On the other hand, D(y, t) decays over a time scale of order t * L. On that time scale the Green's function appears as a sharply peaked function of its time argument. In order to extract the leading behavior in this regime, we can thus set t ∼ L in D(y, t) in Eq. (38), and integrate freely the Green's function over t = L − t from 0 to ∞. By using Eq. (34), one gets then
where in the second line, we have used D(y, t) ≈ x/y D(x, t) valid in the scaling regime x y 1, and in the last one we have set the lower bound of the integration to zero and used
Finally, we get
In summary, the boundary of the soft part of the angular distribution is given at large x by θ 2 s (x, L) which depends on the size L of the medium, and at small x by θ 2 * (x) which is independent of L. The line that separates the two components of the distribution in Fig. 1 reflects qualitatively this behavior.
The leading parton: x 1
Recall that we focus in this analysis on leading gluons that have sufficient energy to escape the medium without being completely absorbed. That is, we assume t * L. The distribution (12) exhibits then a peak near x ∼ 1 that corresponds to the leading particle, and a radiation spectrum growing as x −1/2 for small decreasing values of x. When x ∼ 1, the distribution takes then the factorized form
where D(x, L) is energy distribution given by Eq. (12) (for x 1), and P(θ, L) solves the equation that derives from Eq. (16) after making the change of variables θ = k/(xE), namely,
with the initial condition P(θ, 0) = δ(θ). The solution of this equation has essentially been given already in the previous section. In the regime of multiple scatterings, i.e., for θ 2 θ 2 s (L, x) it reads (see Eq. (20))
In the opposite case, θ θ s (x, L), a single hard scatterings dominates the distribution (cf. Eq. (21)) and we have (see Eq. (21)
3.3. Single BDMPSZ radiation:
Let us now discuss the angular distribution of the primary gluon emissions off the leading particle. In this regime the energy distribution is given by the leading order BDMPSZ distribution,
and we expect also the angular distribution to be given by a single radiation that undergoes multiple scatterings. To see that, we look for the single branching contribution in Eq. (25),
where the zero branching contribution is given by
By performing the integration over z in Eq. (51), one gets
By using the Green's function P(x, θ, t − t 0 ) that obeys the equation
one obtains
Note that P(1, θ, t) ≡ P(θ, t). This equation can understood as follows: the leading parton broadens from 0 to t with a probability P(θ , t), emits a soft gluon at time t, which propagates from t to L and whose distribution broadens according to P(x, θ − θ , L − t). For sufficiently small x, the angular deviation of the the radiated gluon is larger than that of the leading parton. Accordingly one can neglect θ in the argument of the first P, which allows us to perform trivially the integral over θ ,
We finally get,
One can check that the moments of the angular distribution that are calculated in Appendix A using a different technique, coincide indeed with those of the distribution (57).
Multiple branchings: x x s
We are left now with the fully non-perturbative regime, i.e., x x s , where, in the soft region, both multiple scatterings and multiple branchings must be resummed. In order to solve Eq. (25) in this regime, we look for a solution as a power series in the number of scatterings. Our starting point is Eq. (31), which we rewrite here for convenience
This form of the equation allows us to resum easily the multiple scattering series. To that aim, we set
with D n of order C n . We obtain then, from Eq. (58),
with D 0 (x, u, t) = D(x, t), and
To proceed we note that the dependence of C(y, u) on the variables y and u occurs in the form
so that
The logarithm in the denominator has typically a large argument: this is because in the multiple scattering regime, the typical angle θ ∼ 1/u ⊥ is achieved by multiple collisions deflecting the particle by an angle
On the other hand, we have already observed that the integral over y in Eq. (60) is dominated by values of y larger but of the order of x. Therefore, the ratio of logarithms is generically small and can be neglected. Thus, in a first approximation, one can write
This allows us to separate the variables in Eq. (60), which becomes then
The structure of this integral ressembles that encountered when computing the mean transverse momentum squared, Eq. (38). We may then proceed similarly as in Eq. (43) in order to extract the leading behavior, and set t ∼ L in D n−1 (y, u, t) in Eq. (65), and integrate freely the Green's function over t = L − t from 0 to ∞. Then, proceeding by recursion, we postulate the following form of the solution
where, for
The unknowns in Eq. (66) are the coefficients c n . These are obtained by substituting the expression (66) in Eq. (60). We obtain then the recursion formula
or, using the explicit value of the integral (34)
The integration over u yields
Recalling that Γ(1/2) = √ π and the fact that c 0 = 1, we finally get
These coefficients entirely determine the Fourier transform D(x, u, L) (see Eqs. (59) and (66)), from which the angular distribution D(x, θ, L) can in principle be deduced by performing the inverse Fourier transform. This can only be done numerically and remains a delicate procedure. We have carried it in the harmonic approximation,
where the logarithmic dependence of the dipole cross-section on u and x is ignored. This approximation, which is equivalent to the diffusion approximation, does not allow us to explore the tail of the distribution for very large angles (see below), but it allows us to determine the distortion of the main peak. In this approximation, we simply get
where we have used the fact thatqt * (x) = (xE) 2 θ 2 * (x). After performing an inverse Fourier transform we can write the angular distribution as follows,
where the scaling function η is given by
After integrating over the azimuthal angle and renaming the variables, z = θ 2 /θ 2 * (x) and 2α = |u|θ * (x), we can rewrite Eq. (75) as
where J 0 is a Bessel function. Note that the property (24) implies that
In Fig. 2 we have plotted the angular distribution η(z) in the multiple branching regime.
For the numerical evaluation we have computed the first 500 terms in the series (73). We have checked firstly, that the first three moments of the distribution agree with the moments computed analytically from Eq. (A.17) and, secondly, that the large angle behavior matches the asymptotic limit, see Eq. (A.21). This limit also suggests a one-parameter fit of the full distribution, with the functional form
where the normalisation is such that Eq. (77) is satisfied. For the fit-parameter we find c ≈ 1.68. For comparison we have plotted the fit η fit (z) and also an exponential distribution η exp (z) = e −z that has the first two moments identical to η(z) in Fig. 2 . The distributions have similar shapes, which comfort the choice of the exponential distribution in previous phenomenological studies of the missing energy in dijet events in Pb-Pb collisions [24, 10] .
Consider finally the hard part of the distribution. The single scattering limit, achieved when θ θ * (x) can be recovered by Fourier transforming the first term in the series, D 1 (x, u, t). One can also obtain it right away from Eq. (31), which yields
Calculating the integral (79) in the same way as we did for similar ones earlier, one easily obtains
We can write
This is the typical angle squared of gluons in the multiple branching regime. The prefactor 1/4 is chosen to match the first moment, i.e., θ 2 = θ 2 * (x). Note that this angle θ * (x) is independent of the size of the medium. 
Summary
In this work, we have constructed solutions to the equation that governs the evolution with the length of the medium of the inclusive gluon distribution along the medium-induced cascade that is initiated by a hard gluon of energy E. This equation resums multiple branchings and scatterings, which are responsible for the multiplication of partons along the cascade and for their momentum broadening. We focused on the case where the energy of the leading particle is large enough so that it escapes the medium with a sizable fraction of its initial energy, that is, the stopping time t * is larger than L, or equivalently E ω s =ᾱ 2q L 2 . This is the relevant condition to study the substructure of jets that are measured in Heavy-Ion collisions. In this case, one can identify three distinct regimes in the angular distribution, depending on the value of the energy ω of the energy of the observed gluon.
The first regime, which reflects the property of the leading particle, is characterized by an energy ω E. The corresponding distribution shows a slight broadening in energy (towards lower energies) and angles (towards larger angles) due to soft gluon emissions and elastic kicks, respectively. These two effects are here independent of one another, which translates into the factorisation of the energy and the angular distributions. The typical transverse momentum acquired by multiple scatterings in this regime is k 2 ⊥ =qL, corresponding to the average angle squared θ 2 =qL/E 2 .
The second regime corresponds to gluons in the cascade that have been primarily radiated by the leading partons and are to be found in the energy range ω s ω E. The energy distribution is given by the BDMPSZ spectrum. These gluons can be emitted anywhere inside the medium and their angular broadening is determined by brownian motion which yields, on average
In the regimes discussed so far, the angular distribution is determined by processes that involve at most one gluon splitting. When ω ω s , multiple branching occur with probability one. This is the third regime. We already made the remark that the onset of the multitude branching regime at ω = ω s is not visible in the energy distribution which exhibits a scaling behavior ω −1/2 for all x 1. But the character of the angular distribution changes at ω ω s . Indeed, in this regime, the characteristic squared angle is given by
It is independent of the size of the medium: it corresponds to the momentum broadening of the observed gluon, during the time t * (ω) L that this gluon spends in the medium from the moment it has been emitted.
The characteristics times that have been recalled above, and which are related to average angle squared of the soft part of the angular distribution, mark the frontier between this soft part of the distribution dominated by soft multiple scatterings, and its hard tail dominated by hard scattering. This hard tail can be determined perturbatively at large angle by taking into account a single hard scattering. The full angular distribution can be constructed as a power series in the number of scatterings and computed numerically, as was shown in this paper.
These results provide a first principle determination of the angular distribution of the gluons radiated by a jet in a medium. They should be useful in future phenomenological studies of jet shapes.
The last term was obtained by integrating by parts over θ in order to eliminate the Laplacian, and using the fact that all moments vanish at large θ. Eq. (A.2) is an inhomogeneous equation for the moment of order N , where the moment order N − 1 plays the role of a source. This equation can be solved in the same way as Eq. (37), that is
The ratios of moments, r N ≡ x 2 M N /M N −1 , obtained by solving numerically Eq. (A.2), are plotted in Fig. 2 . The limiting behaviors agree perfectly with the analytical analysis that we now turn to. When x is very close to 1, the angular distribution is not affected by gluon branching, and its soft component is given by the Gaussian (48), which is entirely characterized by the second
Appendix A.2. The region x s x 1 When x s x gluon branching can be taken into account perturbatively. For x not too small, the distribution remains determined by the first moment
When multiplied by x 2 E 2 this moment represents the average momentum squared. The first contribution represents the average momentum square acquired by the gluon before its splitting, the second contribution is that acquired after the splitting. The factor 1/2 comes form the averaging over the time of the splitting in the interval [0, L]. Note that as x becomes small, the first contribution becomes negligible: the entire contribution to the average momentum squared comes then from momentum broadening of the observed gluon since the time of its emission. We focus now on this contribution and write the first moment as
More generally, by keeping the zero branching approximation for the Green's function in Eq. (A.3), we obtain a simple recursion relation for the moments: so that the moments take eventually the form
In particular, we have
This ratio is independent of x, a feature that can be recognized in Fig. A.3 for the largest values of N that are plotted. The moments that we have obtained correspond to the moments of the angular distribution of the primarily emitted gluon (the BDMPSZ gluon), namely, 12) with D (1b) (x, t) = (t/t * )/ √ x. It can indeed be verified that the moments of the distribution (A.12) coincide with those given in Eq. (A.7).
Appendix A.3. Small-x limit When x x s multiple branchings are important and have to be fully taken into account. By using the same reasoning as that which leads to Eq. (43), one easily obtain from Eq. (A. is the typical angle squared of gluons in the multiple branching regime. The prefactor 1/4 is chosen to match the first moment, i.e., θ 2 = θ 2 * (x). Note that this angle θ * (x) is independent of the size of the medium.
In order to solve the recursion relation (A.14) we set
We then obtain the following equation for the coefficients a N : Of course, this asymptotic behavior is only that of the soft part of the distribution, for which moments exist. It is visible in Fig. 2 , but will be hidden by that actual tail corresponding to single scatterings.
